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Among the two electron integrals occurring in the molecular context, the three-
center Coulomb and hybrid integrals are numerous and difficult to evaluate to high
accuracy. The analytical and numerical difficulties arise mainly from the presence
of the spherical Bessel function and hypergeometric series in these integrals. The
present work pursues the acceleration of convergence for three-center two electron
Coulomb and hybrid integrals. We have proven that the hypergeometric function
can be expressed as a finite expansion and that the integrand involving this se-
ries and a product of Bessel functions satisfies a linear differential equation with
coefficients having a power series expansion in the reciprocal of the variable suit-
able for application of the nonlinedy- and D-transformations. These transforma-
tions depend strongly on the order of the differential equation that the integrand
of interest satisfies. This work concentrates on reduction of this order to two, ex-
ploiting properties of spherical and reduced Bessel functions, leading to greatly
simplified calculations to evaluate the integrals precisely by reducing the order of
linear systems to be solved. It also avoids the long and difficult implementations
of successive derivatives of the integrands. The numerical results section illustrates
clearly the reduction of the calculation time we obtained for a high predetermined
accuracy. © 1999 Academic Press

Key Words:nonlinear transformations; three-center two electron Coulomb inte-
grals; hybrid integrals; rapid evaluation of infinite oscillatory integrals.

1. INTRODUCTION

Previous work on the rapid and efficient evaluation of two electron integrals to predet
mined accuracy [1-4] continues with the present contribution. Among the integrals requi
to develop electronic structure theory over Slater type orbitals are three-center Coulc
and hybrid integrals.
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The advantage of using a basis seBdiinctions [5—7] which can be expressed as linea
combinations of Slater type functions (STF) and vice versa [6, 8], can be explained by the
that their Fourier transforms are of exceptional simplicity among the exponentially declini
functions [9, 10]. ThaB functions are well adapted to the Fourier transform method [11-3"
that allowed analytical expressions for the integrals of interest to be developed [22, :
These expressions involve semi-infinite integrals whose integrands oscillate rapidly du
the spherical Bessel functiongax), especially for large values of.

Recently [3], we showed that these integrands satisfy all the conditions of applicabil
of the nonlineaD- (due to Levin and Sidi) an®- (due to Sidi) transformations [36—39].
It is shown that these transformations are efficient in convergence acceleration of infi
oscillatory integrals whose integrands satisfy linear differential equations with coefficie
having asymptotic expansions in inverse powers of their arguments [1-4, 36].

The efficiency of such transformations depends strongly on the order of the differen
equation thatthe integrand satisfies. The approximafijfisandD (™, which as becomes
large converge very quickly to the exact value of the integral and whéséhe order of the
differential equation that the integrand satisfies, are obtained by solving sets of equatior
ordermn-+ 1and(m — 1)n + 1, respectively, where the calculation of {lne— 1) successive
derivatives of the integrand is necessary.

The order of differential equations satisfied by the integrands involved in the analyti
expressions developed for the three-center two electron Coulomb and hybrid integrals
[3]; thus the approximations are obtained by solving sets of linear equations of aréglet 4
and 31+ 1, respectively, where the calculation of the three successive derivatives of
integrands is necessary. The present work concentrates on exploiting some properties «
spherical and reduced Bessel functions to decrease the order of these differential eque
to two. This avoids calculating successive derivatives of the integrands which present se
computational and numerical difficulties.

In this work, the symbol$l D andH 5specifythat the andD are used with the order of
requisite differential equation reduced to two.

The numerical results section compareslt-Hé evaluations with those previously made
using theD for the same integrands with the usual demands for predetermined high accur
required for molecule calculations.

2. GENERAL DEFINITIONS AND BASIC FORMULAE

We defineA) to be the set of infinitely differentiable functioagx), which have asymp-
totic expansions in inverse powers»xfasx — +oo, of the form

o1 (0%
ax) ~ x? T 1
(x) ~ X (ao X X2 ) @

and their derivatives of any order have asymptotic expansions, which can be obtaine
differentiating that in Eg. (1) formally term by term.

From this definition it follows tha\®” > A¥=D 5 ...,

The gamma functiol is defined by [40]

+0o0
I'(2) = / tZletdt. (2)
0
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Forn e N,

®3)
r(n+3)= gnnr)w!! T

{F(n+1)=n!=1x2x3><---xn

The Pochhammer symbat), is defined by [40]

{(a)ozl @
(@n=a@+D@+2) - (@+n—1 =",

We define the Hankel symbob, m) by [41]

e (1/2 = vV)n@/2+v)m  TO+m+1/2)

(v, m = (-1 mi T miC(v—m+1/2)

We define the general hypergeometric function by [41]

(an)r (@2)r - - - (am)e X

+o0
mFn(a1, az, ..., oam; B1, B2, - - - Bn; X) = Z ) (6)
r=0

(B (B2)r -+ (B)er!

Form=2, n=1, the hypergeometric function becomes

+00

oFale iy = 3 % @

We define the reduced Bessel functhnl/z(gr) by [5, 6]
ko3 (er) = \E(;r)”—%Kn;(;r) ®)
_e” i @I =D i, ©)

o (G- Din—

whereKn_1/» stands for the modified Bessel function of the second kind [42].
The spherical Bessel functigin(x) of orderl € N is defined by [41]

| .
10 = (—D'X (31) (S'”(X)). (10)

x dx X
ji (X) satifies the recurrence relations [41]

{ Xji—1(X) + Xji41(X) = 2 (X) (11)

Ji—1(X) = Ji+1(X) = 2j{ (X).

The surface spherical harmon" (¢, ¢) is defined explicitly using the Condon and
Shortley phase convention as [43]

@+ — mphH7E
Az (I 4+ |m)hH

Y@, ) =im™Hm { PI™ (cosh)em”. (12)
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P™M(x) stands for the associated Legendre functioftloidegree ananth order, which is
expressed by means of the well-known Legendre polynomials [41]

d m d I+m (X2 _ 1)|
m _ _oy\m/2 2 — _oyym2f 2
PM(x) =1 —=x9 (dx) R(X) = (1-x9 (dx) [ oIl } (13)
The well-known Rayleigh expansion of the plane wave functions is defined by [44]

+oo |

e P =N "> Aw (D) il 90) [ O 0p)] " (14)

1=0 m=-lI

The Slater type orbitals are defined in normalized form according to the relations|
[45, 46]

n=123,...
X @) = N0, O e Y 6, ), ¢ 1 =0,1,2,...,(n—- 1) (15)
m=—-I,—-1+1,...,1,

whereN(n, ¢) stands for the normalisation factor defined by
N(n, £) = £ [20)2™ /@)1 2. (16)

The STFs (and their Fourier transforms) can be expressed as finite linear combinat
of B functions (or their Fourier transforms) [6],

n—|

m . (=D"=P(n— D12+ pyt
i€ = p; @p—n=hi@n—2 —zp1 P&, (17)
where
< (n—1)/2 if n—1is even
ID_{(n—|+1)/2 if n — 1 is odd (18)

The double factorial is defined by

2N =2x4x6x---x (2k) = 2! (19)
|
(2k+1)!!:1><3><5><-~-><(2k+1):(2k2k%1)' (20)
ol =1. (21)
The B functions are defined as [6, 7]
N .
B¢, 1) = %kn_%@r)“m(en ®r)- (22)

The Fourier transfornB_rr:I ¢, p) of Brﬁ’] (¢, r) is given by

M 1 —iprpm
Bni(¢,p) = W/re PIBR (¢, r)dr. (23)
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By inserting the Rayleigh expansion Eq. (14) and the analytical expression & the
function Eqg. (22) in the above equation, one can obtain an expressi(ﬁiﬂff()g, p) which
is given by [9, 10]

i1on!
Bri (. p) = \/7§2n+| 1@2_(‘_';2'))”““ Y™ (6. ¢p). (24)

The Fourier integral representation of the Coulomb operatpr1 R;1] is given by [12,
24]

1 1 efik-(rle)

The Gaunt coefficients are defined as [47-53]
T 2 .
tamlamalams) = [ [* ¥ 0.0)] V0. oY@, o) sinodo g (26)
0=0 J =0

3. THREE-CENTER TWO ELECTRON COULOMB INTEGRALS OVER B FUNCTIONS

The three-center two electron Coulomb integrals @&#dunctions are defined by [3, 22,
35]

Nal2mp, Nglamy
Nnalimg, nglamg

< n1|1(§1,r)3$f3[§3, r —Rg)]

B, (¢2, 1) By [, (' — R4)]> (27)

— | o

1 .
= ﬁ/e'”*“( Bt (c1. Dle ™ B (22, 1)),
m, " —| " * dX
x (B, (Ca, 1€ |BIS [£3, (1" — (Rg — R4))>r,,ﬁ. (28)

The expression (28) is obtained by inserting the integral representation of the Coulc
operator Eqg. (25) in Eq. (27).
Let 1, denote the term in,

k1= (B (21, 1)|e "B (02.1)),.

The twoB functions are centered on the same point. By inserting the analytical express
oftheB function Eg. (14) and using the Rayleigh expansion of plane wave functions Eq. (2
one can readily expreg$; using a semi infinite integral as

~ +oo 1
I(x) = / r(‘“f'l*'ﬁé)*l\]pr%(xr)e*fsr dr
0
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which is known analytically [42]. The expressiondi is given by [3]

Wy = [2n1+l1+ﬂz+|2(n1 +I)Nns + |2)!} _14“11{;2 5

|max

x> (=D (lmylimg — mallmg) [Y™ ™ (6, g0 ]

I=|rnin,2
ni+nz k2 : H i—1 o k—i—1
@Cnp—i=DI@ng—Kk+i —=Dlg ¢
I { i~ D! (N — ) (K| —1)!(n2—k+i)!2m+nz—k}

k=2 i=k;

BT ST s
&SRR 4 372) 2
| —Kk—li—lp+1 I —k—ly 1 3 52

X2F1< ]2- 2+ N 21 2—|—1;|—|—2;—X2)’ (29)

S

where
ki = max(1, k — ny), ko = min(ny, k — 1), is =01+ 82,
and where [50]

|max: |1+|2

| {maX(lll—lzl, My — my)), if Imax+ max(/ly — l2f, [my —my|) is even

min = . .
max(|ly — Io, My — my]) + 1, if Imax+ max(|ly — 2], [mp — my|) is odd

The subscript =Imin, 2 in the first summation symbol in Eq. (29) implies that the sum
mation indeX runs in steps of 2 frorin t0 Imax

One of the arguments of the hypergeometric functibr-k —1; —1,+1)/2 or
(I —k—11—1)/2+ 1 is a negative integer; thus the hypergeometric series is reduced
a finite expansion.

Now if we apply the Fourier transform method to the ternr infrom Eq. (28) after
substituting the Rayleigh expansion (14) of a plane wave, we obtain an expression

Icﬂﬂfmfﬂjgmg involving a semi-infinite oscillatory integral, which is given by [3, 22, 35]

K ndime = 8(4m)% (213 + DU (2 + Dl gyt g ettt

nilimg,nglsmg —

Flatna+l+D! &
(nins —i |3)??n4 —:|4)' : Z (1) lamyllzmplimy —my)

I=Imin,2
ni+ny kp i—1 k| 1
@ —i—=DI@n—i—Dlg
x Z Z (i—D'(ng—i)(k—i— 1! (nz—k+|)!2“1+“2—k

k=2 i=kq

Lot i (1amg|ls — 13mg — mi|l,mj)
8 Z Z O D D2 s — 1) + 10

13=0m,=—1}
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(Ismgz|lz — 15m3 — my|l15m5)
Ia+1} (Ismglls 3''3 3113113
X
Z Z() @4+ D235 —15) + 1]1
5=0m,=—I
15+
37 (mlamal M), — ey RN Ok, or,l)
=51}
x Y (I3 —15mg — mjlls — ;my — m) [I34mas)
l3a

I +l34

X Z i*(Img — my|lza(my — M) — (Mg — M) |Au)

A=|l—lz4|

AL Al (~DITk+11+1+1+1)
x Z i N3-+Ng-Hg+Ha—j+1-+H+3 ;

j=0 J 2Nt NatzHa—] z(Ng+ng+lz3+1s—j+ 1)
BT i/(—l)r (/2 (0 + 1/ 2 /1 s"2(1 — 9)"™Y, “(6y, ov)

ri+3) = (I +3/2rc2  Jop r v Py

e - 1. RU[R (s, X)]
2 21—k, ny+ 34Y
+ X XMtz X)———7 2 22 dx d 30

x /X:O 22 + x?] jawx) b6 ] s (30)

where

=max(1, k — nyp), ko = min(ny, k — 1), =0+
(3 =15 —(a =1l <lza< (3 —=13) + (s —1})
Ny =lg—15+1s—1,4+2r +1, n=k+1li+1,
Na3=ng+la+la—1;  nNu=nmn+la+lz—15
n,=2Nz+ls+na+1ls) —(5+1p —1"+1

= (Mg — Mp) — (Mg — M) + (M3 — My)
[y (s, 01? = (L= 9)&7 + 565 + (L — 9%
n=l—-k—li—lp+1 Al ==l
n'=-% ifpisevenifnoty = -1
V=5(R3—Rs) —R3=SR3;— R3
v=ng+natlz+la—1"—j+3

M3 = (Mg — M3) — (Mg — M)).

Let £ be the two-dimensional integral involved in the above equation:

- 1 +oo n
K = / $™3(1— 9)™Y, " (0. o) / [c2+ X7
s=0 x=0

ko[ Raay (s, )]
[v (s, x)]™

x X2 j; (vX) x ds (31)
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Its inner semi-infinitex integrall%(s) is given by

- oo it o Ku[Reay (s, )]
_ 2 2 Ky Nx+3
IC(S)_/Xzo [¢Z + x?] ™ x™ 2 j; (vx) b6 ™ dx (32)
o it _ L ko[ Raay (s, X)]
=> 2 4 x2] Myxts LAVAS R
- /J [¢2 + X2 X™ 2 ji (vx) b s 0] dx. (33)

jp, is assumed to be 0 and for£ 0, j', = j;\ 4 »/v, Wherej],, , is the zero of order
n of the spherical Bessel function of the first kidgd,1/2(x) [54].

4. THE NONLINEAR D- AND D-TRANSFORMATIONS

THEOREM 1 [36]. Let f(x) be integrable or[0, co) and satisfy a linear differential
equation of order m of the form

m
FO0 = P00, (34)
where
p € Al ik<kl<k<m
Let also
Jim Pl Pty =0, i<k<mil<i<m (35)
If for every integel > —1,
Zm—l) (I —k+1)peo # 1, (36)
where
o= lim x¥px),  1<ks=m,

then the approximatioD™ to S= f0°° f (t) dt, using theD-transformation, satisfies the
N =1+ mnequations given by [36],

DM = f(t)dt+ f<k>(x)x"k ﬁ'k, =012 ....mn (37)
XI

i=0 |

ok, k=0,1,...,m—1, are the minima ok + 1 ands; wheres, is the largest of the
integerss for which limy_, o, x5 f®(x) =0.

D{™ and theBy; fork=0,1,...,m—1,i =0,1,...,n— 1 are theN unknowns.

Thex, | =0,1, ... are chosen to satisfyOxy < X3 < ---and lim_, . o X = +o0.
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The order of the above set of equations can be reduced by chogsing 0, 1, 2, .. . to
be the successive zeros bfx). In this case Eq. (37) can be rewritten as [39]

D™ = /f(t)dt+zf(k)(x|)x""zﬂ'lk, 1=0,1,2,...,(m—=Dn. (38)

Now, we consider the integrgl,Oo f (t) dt, where [4]
f(x) = g(x) (%), (39)
whereg(x) is of the form
g(x) = heoe?™ (40)

such thatp (x) asx — +oo is a real polynomial irx of degreek > 0 for some integek and
h(x) € A for somey.

If k> 0, then forf (x) to be integrable at infinity lin., , o, ¢ (X) = —o0 is necessary. If
k=0, theng(x) € A”, hencey < 1 in order for f (x) to be integrable at infinity.

j»(X) satisfies the differential equation given by

2

: 2x -
WO= " 0 e e

Ji (). (41)

Using the fact thatf (x) = g(x) j»(X), we havej;(X) = % Substituting this in the
differential equation above, we obtain

f(x) = pa(x) £/ (X) + p2(x) T (x). (42)
where
23N () /h(x) + ¢') — 2x X2
pl(x) == U)(X) ) p ( ) (X) (43)
and

h (x) TN 2 h (x)
=—x2|( =2 4+¢') — ) |-2 ") x2—22—n. (44
w0 = Kh(x)+¢> (h(x)”’)] X(h(x)”’)+X (44)
If k=0 thenpy(x) € A=Y and py(x) € A,
If k>0 thenpy(x) € A and py(x) € A2+,
In all these above cases

lim pl P f*Dx)=0 k=i,2 i=12
X——+00

We can easily note that

2
Viz-1 > Id=1D-(-Kk+Dpo=0#1(po=0 k=12,
k=1
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The conditions of the applicability of th®- and D-transformations to accelerate the
convergence of0+°° f (t) dt can now be shown to be satisfied.
The approximatiord D® of S= f0+°° f (t) dt using theD-transformation is given by

% 1 g
HD<2>=/ f(t) dt X)) ©Ox ST 1 =0,1,2,...,2n. (45
v/ o +§<g< DIAEDIA Zx.' (45)

= i=0
If we choosex = j; 1], for | =0,1,2,....nwherej; 7 , is the zero of order + 1 of

the spherical Bessel function of the first kid@l/z(x)_(jﬁrl/z is assumed to be 0), then the
approximationH D@ of S= " f (t) dt using theD-transformation is given by

. X n-1 "
HD,(12) = / f(t) dt+g(X|)jA/(X|)X|Ul %s Il = 0,1,2....n (46)
0 i=0
HD®@ andtheg; 1,i =0, 1,...,n— 1are then+ 1 unknowns of the above set of equa-

tions.
Let us consider the semi-infinibeintegrallﬁ(s) Eq. (32). Its integrand which will be
referred to ad(x) is of the form

Fr(X) = gk(X) j1 (vX),
where

—Ng I2\)[ R34V (Sv X)]

900 = X" [eF 47 MR

In previous work [3], we showed th& (x) satisfies a 4th order linear differential equation
of the form required to apply the nonlineBr and D-transformations. The approximation
of K£(s) was given byﬁrﬁ‘”. The implementation of the three successive derivativés ©f)
which presents severe computational difficulties, especially for large valumgsrof, 13, 14,
and A, was necessary for the calculations. We also demonstrated the superiority of tt
transformations in the evaluation of this kind of semi-infinite oscillatory integral [1-4
compared with other alternatives using the Gauss—Laguerre formulae, the epsilon algor
of Wynn [55, 56] and Levin’'s u transform [57, 58].

Consider the integranB (x) of I&(s). The reduced Bessel functién(z) has an asymp-
totic expansion in inverse powers ofvhich is given by [42]

+00
r u_% _7 (V, m)
k,(2) ~ 2"~ 2e mzzo a2 (47)
and
R34)/ (S, X) ~ R34\/ S(l - S)X, X — 400. (48)

By expressing the Hankel symb@l, m) in terms of the Pochhammer symbol and using
the factv =n+ % wheren is an integer, one can show that the asymptotic series for tf
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reduced Bessel functidn (2) given above terminates after a finite number of terms,

(n+ !
k,(2) = Z"e” Z =@ (49)

Substitutingz by Rs4+/S(1 — s)x in Eg. (49), one can easily show that

Ok (X) ~ R34(m)n Ny yNxHN— n, —2nc+3 <1+ @3)

Raav/s(1-9)x n+ j)!
a JZ% H(n — DI(2Rsay/sST—5)x)1 (50)

Thus,gk(x) can be written ak(x)e?™ where

{h(x)eA<5>, §=nc+n—n, —2n+1 (51)

¢ (X) ~ —Raa/S(1 — S)X asx — +oo.

Using the previous arguments, we can show k) satisfies a 2nd order linear differ-
ential equation of the form

Fi(X) = pr() Fe(X) + p2(X) F (X); p1(x), pa(x) € AQ. (52)

All the conditions of the applicability oD- and D-transformations are satisfied.
F(x) is exponentlally decreasing, thus=i + 1 fori =1, 2, thus the approximation
HD® of f Fr(X) dx using theD-transformation is given by

_ Xi n-1-"
HD? =/ Fr(t) dt + k(X)) 5 (wX)%? % =0,1,2...,n, (53)
0 i=0
where thex = j; ' = j;17,,/v.1=0, 1 ..., n which are the successive zerosjgfvx).

j2, is assumed to be zero.

5. HYBRID INTEGRAL OVER B FUNCTIONS

The hybrid integral oveB functions is defined by [3, 22, 35]

naloma,nalamy
Hn]_|1m1,n3|3m3 - < I"I1|1(§lv r)Bn3|3(§37 r )

B e 1B R>]>. (54)

r'l

The analytical expression of this integral is obtained using the same calculations as fol
three-center two electron Coulomb integral. It involves a semi-infinite oscillatory integ
and will be referred to a®((s) given by [3, 22, 35]

oo B v k[Ruy (s, %]
H — 2 21—Nk nx+2 7(1 55
(s) /x:o [¢2 + 2] Mx™ 2 jj (vx) Leop (55)
e crenst o KJ[Ruy (s, %)]
[¢2 + X7 X2 (o) == dX, (56)
ZO/ [y (s. )]
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TABLE |
Values of K(s) with 20 Correct Decimals

s N N N A R g R« & max K(s)
0006 1 1 2 0 25 15 15 05 81  0.1711045433135376D
0006 2 1 3 1 45 25 40 15 225  0.87739838751602020
0999 2 2 3 2 30 20 25 25 292  0.65822702980285706
0999 3 2 2 3 35 15 25 05 304 0.260261225584551a0
0099 3 3 3 4 20 20 15 15 186  0.7482795290391810D
0010 4 3 3 4 35 20 30 15 112  0.11672025851516100
0999 4 3 5 5 65 10 55 05 145  0.3900383635977973D
00056 4 4 5 5 45 15 30 1.0 67  0.2412209745299970D

Note.n =A,v=n3+n,;+ %, nV:2(n3+n4)+1, f1=1¢s, and§2={4.

wherev=sR; andR1 = —R. Naz, Nag4, 1, A, s, Nk, N, v, N, andy (s, X) are defined ac-
cording to Eq. (30).

The integrand of(s) is exactly of the same form ds(x), thus it satisfies a second
order differential equation of the form given by Eq. (52).

The approximatiorH 5512) of H(s) using theD-transformation is obtained by solving a
set of equations of the form given by Eq. (53).

6. DISCUSSION

Inthis section the accuracy and efficiency of the present approach to three-center Coul
and hybrid integrals is demonstrated numerically. The numerical tables are presented
their content discussed with a view to explaining the objectives they illustrate.

Exact values were computed (see Tables I, IV, VII) using the infinite series Egs. (3
(56) which we sum tm = max to obtain 20 correct decimals for comparison. These table
are intended to establish the accuracy of the transformation methods.

All finite integrals involved in Egs. (30), (31), (38), (53) used to obtain numerical value
of tables were evaluated using Gauss—Legendre quadrature of order 16.

The sets of equations Egs. (38), (53) used inDhand H D-transformations are solved
using theLU decomposition.

TABLE Il
Evaluation of K(s) Eq. (32) Using theH D-Transformation of Order n(HD@) Eq. (53)

s R N, N A R & R & n HD®@ Error Time
0.005 1 1 2 0 2.5 1.5 1.5 0.5 5 0.17110454mL 0.82D-10 0.02
0.005 2 1 3 1 4.5 2.5 4.0 1.5 5 0.8773983305 0.49D-12 0.03
0.999 2 2 3 2 3.0 2.0 25 25 5 0.6582262505 0.78D-11 0.03
0.999 3 2 2 3 3.5 1.5 2.5 0.5 8 0.2602612200 0.12D-12 0.06
0.999 3 3 3 4 2.0 2.0 1.5 1.5 5 0.748279530» 0.15D-10 0.02
0.010 4 3 3 4 3.5 2.0 3.0 1.5 9 0.1167202500 0.53D-10 0.07
0.999 4 3 5 5 6.5 1.0 5.5 0.5 8 0.3900383602 0.12D-10 0.05
0.005 4 4 5 5 4.5 1.5 3.0 1.0 9 0.2412209702 0.20D-09 0.07

Note.Time is in millisecondsn, = A, v=n;+n, + % n, =2(N3+ny) +1, &1 =3, andg, = 4.
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s R Ny Ne A Rs I R, Za n 5;4’ Error Time
0.005 1 1 2 0 2.5 1.5 1.5 0.5 3 0.17110454mL 0.14D-10 0.05
0.005 2 1 3 1 4.5 2.5 4.0 1.5 3 0.8773984805 0.93D-12 0.05
0.999 2 2 3 2 3.0 2.0 2.5 2.5 3 0.658227 1405 0.11Db-11 0.05
0.999 3 2 2 3 35 15 2.5 0.5 4 0.2602612200 0.41D-11 0.10
0.999 3 3 3 4 2.0 2.0 1.5 1.5 3 0.748279520»2 0.17D-10 0.05
0.010 4 3 3 4 3.5 2.0 3.0 1.5 4 0.11672025mD 0.12D-10 0.10
0.999 4 3 5 5 6.5 1.0 55 0.5 4 0.3900383602 0.10D-09 0.10
0.005 4 4 5 5 4.5 15 3.0 1.0 4 0.241220970® 0.19D-09 0.10

Note.Time is in millisecondsh, = A, v=nz+n, + % n, =2(N3+ny) + 1, & =3, andg, = ¢,.

TABLE IV
Values of F(s) with 20 Correct Decimals

S ng Ny N A Ry €] a max H(s)
0.999 1 1 2 0 2.0 1.5 1.0 106 0.4389694801769310D
0.999 2 1 2 1 2.5 1.0 1.0 128 0.8381930355747790D
0.999 2 2 2 2 4.5 1.5 0.5 225 0.6591267611907476D
0.999 2 2 3 2 3.0 1.5 0.5 155 0.24163491596981-80D
0.999 3 2 3 2 5.0 2.0 1.0 218 0.8345089126157430D
0.999 3 3 3 3 4.5 1.5 0.5 168 0.14449603929385¥%0D
0.999 4 3 3 3 2.0 2.0 1.0 133 0.1337354257788690D
0.999 4 4 4 4 4.0 2.0 1.0 139 0.2113558111341818D

Note. =X, v=n3+ns+ 3,Nn, =2(N3+Ny) + 1, andy = £, = 0.50.

Evaluation of H(s) Eq. (55) Using theH D-Transformation of Order n(HD®) Eq. (53)

TABLE V

s n n, n A R s &% n HD®@ Error Time
0.999 1 1 2 0 2.0 1.5 1.0 6 0.4389694802m1 0.52D-12 0.03
0.999 2 1 2 1 25 1.0 1.0 5 0.838193036200 0.70D-09 0.02
0.999 2 2 2 2 4.5 1.5 0.5 6 0.659126760502 0.66D-11 0.03
0.999 2 2 3 2 3.0 15 0.5 6 0.2416349160m 0.99D-12 0.04
0.999 3 2 3 2 5.0 2.0 1.0 6 0.834508910404 0.25D-12 0.03
0.999 3 3 3 3 4.5 1.5 0.5 5 0.144496039000D 0.57D-09 0.03
0.999 4 3 3 3 2.0 2.0 1.0 6 0.133735425000 0.87D-10 0.03
0.999 4 4 4 4 4.0 2.0 1.0 6 0.21135581Hm1 0.35D-12 0.03

Note.Time is in millisecondsn, = A, v=nz+n, + % n, =2(nz+ny) + 1, andg; = ¢, =0.50.



TABLE VI
Evaluation of H(s) Eq. (55) Using theD-Transformation of Order n(D®) Eq. (38)

s n n, n A R s & n DY Error Time
0.999 1 1 2 0 2.0 1.5 1.0 3 0.438969480201L 0.37D-12 0.06
0.999 2 1 2 1 25 1.0 1.0 3 0.838193035000 0.34D-09 0.05
0.999 2 2 2 2 4.5 1.5 0.5 3 0.659126764602 0.34D-10 0.06
0.999 2 2 3 3 3.0 1.5 0.5 3 0.241634916001L 0.310-11 0.06
0.999 3 2 3 3 5.0 2.0 1.0 3 0.834508921504 0.89D-12 0.05
0.999 3 3 3 3 4.5 1.5 0.5 3 0.144496039400 0.15D-09 0.05
0.999 4 3 3 4 2.0 2.0 1.0 3 0.133735425800 0.54D-10 0.05
0.999 4 4 4 4 4.0 2.0 1.0 3 0.21135581 1M 0.16D-11 0.05

Note.Time is in millisecondsn, =A, v=nz +n, + % n, =2(nz+ny) + 1, andg; = ¢, =0.50.

TABLE VII
Values of K720 00 E. (30) with 20 Correct Decimals

Ny nz N3 n, Rs {3 Ry la lﬁﬂfﬁgﬁ;‘gg

1 1 1 1 6.50 2.50 2.00 1.00 0.149969688420101811
2 1 2 1 6.50 4.00 4.00 3.00 0.11313922211117%01D
2 2 2 2 8.00 3.50 2.00 3.00 0.4605249321948064611
2 2 3 2 9.50 3.50 3.00 3.00 0.184998152044243811
2 2 3 3 7.00 2.50 3.00 3.00 0.10693008053070341%
2 2 4 3 9.50 3.50 4.00 3.00 0.109712231145448412
2 2 4 4 8.00 3.00 3.50 3.50 0.135621852339820412

Note.Rs = (Rs, 0,0), Ry = (R4, 0, 0), &1 = &3, andsz = 8.

TABLE VIII
Evaluation of /2007400, Eq. (30) Using theH D-Transformation of Order n(HD®) Eq. (53)

~n300,n400 .
n, n, ns N, Rs Z3 R, L n anooﬁ‘z‘oo Error Time

65 25 20 1.0 9 0.1499696884B01  0.38D-12 1.10
65 40 40 3.0 9 0.1131392222B00  0.43D-10 3.23
80 35 20 30 10 0.4605249322B01  0.17D-09 6.81
95 35 30 30 9 0.1849981521B01  0.59D-09 5.47
70 25 30 30 9 0.1069300805B04  0.12D-08 5.42
95 35 40 30 10 0.1097122311B02  0.57D-09 6.86
80 30 35 35 10 0.1356218523B02  0.29D-10 6.87

NNNNMNNDDNPRP
NNNNDNPRP P
A DA WWDNDNPE
AW WNDNPRPP

Note Time is in millisecondsR; = (Rs, 0, 0), Ry = (R4, 0, 0), &1 = &3, andé, = &,.

TABLE IX
Evaluation of KC[200n‘00 Eq. (30) Using theD-Transformation of Order n(D®) Eq. (39)
nn N, ng Ny R &s R, & N ﬁgfgggggg Error Time

6.5 25 2.0 1.0
6.5 4.0 4.0 3.0
8.0 3.5 2.0 3.0
9.5 3.5 3.0 3.0
7.0 2.5 3.0 3.0
9.5 35 4.0 3.0
9.5 3.5 4.0 3.0
8.0 3.0 35 3.5

0.1499696884B-01 0.11D-12 1.65
0.1131392221B-00 0.13D-10 5.01
0.4605249322B-01 0.37D-09 8.38
0.1849981521B-01 0.10D-09 8.42
0.1069300805B-04 0.11D-08 8.40
0.1097122312B-02 0.92D-09 8.41
0.1097122312B-02 0.92D-09 8.41
0.1356218523B-02 0.76D-10 8.38

NNNNMNNNDNPRE
NNNNMNNDNNPR PP
A DA DA OWWOWNDNPR
AW WWNNERPRE
A A DADdMDAAMDdDd
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The calculation times are evaluated on an IBM RS 6000 340.

A comparative study is tabulated fét D- and D-transformation methods (inner semi-
infinite integrals: Tables | and Il for the three-center Coulomb integrals, Tables I1I-VI f
the hybrid integrals, followed by Tables VIII and IX of the complete expression of tt
three-center Coulomb integrals).

7. CONCLUSION

This work presents the nonline&t D-transformation approach to efficient evaluation
of three-center Coulomb and two electron hybrid integrals over Slater type orbitals in
molecular context.

The approach relies on properties of the Bessel functions and a finite series expansit
the hypergeometric function appearing in the integrands.

Itis shown that the integrand satisfies a linear differential equation suitable for applicat
of the nonlineaD- and D-transformations and the order of this equation can be reduc
simplifying the linear system required to estimate the integrand iftBemethod.

The aim of this study is to show that theD is more efficient. For a given high accuracy
it is 2 times faster than thB approach. The factor gained is reflected in the evaluation «
complete integrals (see Tables VIII and 1X).

The resulting algorithm has been written in Fortran 77 and tested in comparison w
the D program previously written. Precise evaluation required for chemically significa
values remains readily accessible and the calculation times are reduced by a factor of
the H D, compared with thd® approach.

The progress represented by theD approach is another useful step in developinc
software for evaluating molecular integrals over Slater type orbitals.
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